WEIGHTED POINCARE INEQUALITIES FOR NONLOCAL 

DIRICHLET FORMS 



XIN CHEN JIAN WANG 



Abstract. Let F be a locally bounded measurable function such that is 
bounded and belongs to L^{dx), and let ^v{dx) := Cye~^^^' dx be a probability 
measure. We present the criterion for the weighted Poincare inequality of the 
non-local Dirichlet form 



DML /) J J (/(y) - f{x)yp{\x - y\) dy ^v{dx) 

on L'^inv)- Taking p{r) = (,-Srj,-{d+a) ^j^-^^ < a < 2 and (5 ^ 0, we get 
some conclusions for general fractional Dirichlet forms, which can be regarded as 
a complement of our recent work [13], and an improvement of the main result in 
[8]. In this especial setting, concentration of measure for the standard Poincare 
inequality is also derived. 

Our technique is based on the Lyapunov conditions for the associated truncated 
Dirichlet form, and it is considerably efficient for the weighted Poincare inequality 
of the following non-local Dirichlet form 

D^yif, f):^ ff {f{y) " f{x)fi'{\x - y\) e.-^^^^ e'^^^) dx 



on i^(/i2y), which is associated with symmetric Markov processes under Girsanov 
transform of pure jump type. 

Keywords: Non-local Dirichlet form; weighted Poincare inequality; Lyapunov 
conditions; concentration of measure. 
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1. Introduction and Main Results 

1.1. Background for Functional Inequalities of Fractional Dirichlet Forms. 

For a G (0, 2), let be a rotationally symmetric stable infinite divisible probability 
distribution, such that 



For any / G C^(R'^), the set of smooth functions with bounded derivatives of every 
order, define 

(1.1) DM J) ■■= jj^-^^^^J^dyi^Mx). 
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Then, {Da,C^{R'^)) can be extended to a non-local Dirichlet form associated with 
the operator 

= -(-A)"/2 _ a; . V, ae(0,2), 

which is the infinitesimal generator of an Ornstein-Uhlenbeck process driven by 
symmetric a-stable Levy processes. Poincare inequahties for [Da,C^{W^)) were 
studied in [9, Theorem 1.3 and Corolahy 1.4]. 

In (1.1) the singular kernel \y — dy is the Levy measure associated with 

fia, which is a strong constraint to study functional inequalities for general non- 
local Dirichlet forms. The first breakthrough in this direction was established in [8] 
in virtue of the methods from harmonic analysis. The main result in [8] (see [8, 
Theorem 1.2]) states that, if e'^ G L\dx) nC^iR"^) such that for some constant 
e>0, 

(1.2) — ^' ' -AV^oo, x^oo, 

then there exist two positive constants 6 and Cq such that for all f G C^(R'^) with 
//(x)e-^(^) dx = 0, 



:i.3) 



/2(x)(l + |V\/(a;)|")e-^(^) dx 



\y-x 



On the other hand, as a generalization of (1.1), recently explicit and sharp criteria 
of Poincare type (i.e., Poincare, super Poincare and weak Poincare) inequalities have 
been presented in [13] for the following general fractional Dirichlet form 

(1.4) D^yif, f):= II ^^^y^jj^}^}^' dyMdx), d^l,aG(0,2), 

where is a Borel measurable function on R'^ such that G L^{dx), and fiv{dx) = 
J e-^(^) dx dx. According to the paragraph below [8, Remark 1.3], (1.4) is 

natural in the sense that: we should regard the measure \y — dy as the Levy 

measure, and ^y{dx) as the ambient measure. Namely, Day does get rid of the 
constraint in Dq,, and it should be a typical example in study functional inequalities 
for non-local Dirichlet forms. 

To move further, we briefiy recall the results developed in [13]. Let G L}{dx)n 
C^(R'^) satisfying some regular assumptions. [13, Theorem 1.1 (1) and (2)] shows 
that, if 

liminf -; — — — > 0, 



\x 



d+a 



then there is a constant Ci > such that for all f G C^(R"'), 
(1.5) ^iv{f -^iv{f)f ^C,Da.y{fJY 

liminf ■; — -— = oo. 
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then the following super- Poincare inequality 

fivif) < rD^yif, f) + /3(r)/iy(|/|)2, r > 

holds for some non-increasing function (5 and all f G C^(]R'^). 

Note that the exponentially decaying factor e~^^y~^^ and the weighted function 
1 + |Vy(x)|" in (1.3) indicate that the functional inequality (1.3) is stronger than 
the expected Poincare inequality (1.5) for fractional Dirichlet form Day., see [8, 
Remark 1.4]. Therefore, the work of [13] does not extend [8], and there still exists 
a gap between [13] and [8]. That is just the motivation of our present paper. 

1.2. Weighted Poincare Inequalities for Days with 6 > 0: Improvement of 
the Work in [8]. We first introduce some notations. Let V he a locally bounded 
measurable function on R*^ such that is bounded and G L}{dx). Define a 
probability measure /iy as follows 

(1.6) uv(dx) = -7. ,., , , e"^*-^-* dx. 

For any 5 ^ and / G C^{R'^), set 

DayAfJ) ■■= 1 1 [i-TJ ^"''^"^' dy^^v{dx). 

In particular, when 5 = 0, D^ys = D^y- We say that the weighted Poincare in- 
equality holds for -Day,5, if there exist a positive weighted function a) and a constant 
C > such that for all / G C^{R'^), 

,2_ 



{f - fJ'vif)) udnv ^ CDaysifJ)- 

Even though it is known that in the context of local Dirichlet forms some super 
Poincare inequalities can imply weighted Poincare inequalities (e.g. see [11]), to the 
best of our knowledge there is no literature about such relation for non-local Dirichlet 
form Days, even for Day- Instead of studying this topic, the purpose of this paper 
is to establish the weighted Poincare inequalities for non-local Dirichlet form Days 
directly. 

The main result is as following. 
Theorem 1.1. Suppose that for some constants 5 > 0, a G (0, 2) and G (0, 1), 

0. 



1^1.7) limsup 

\x\—>oo 



sup e~^(^) e'^l^l|x|'^+"^"" 



Then, there exists a constant Ci > such that the following weighted Poincare 
inequality 

^ ^Vix)-S\x\ 

(/(x) - Hvif)) , l^v{dx) ^ CiDaysif, f) 



holds for all f G C^°°(R' 



To see that Theorem 1.1 improves [8, Theorem 1.2], we consider the following 
example. 
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Example 1.2. (1) For S > 0, let V{x) = e{l + Ix^Vs ^ith some e > S. Then, (1.7) 
is fulfilled, and so the corresponding weighted Poincare inequality (1.8) holds. Note 
that, (1.2) is not satisfied for V{x) = e{l + |xp)^/^ with any 5 > 0. 

(2) Let V{x) = 1 + Then, Theorem 1.1 implies that for any 6 > there 

exists a constant Ci > such that for all / G C^(R"') with J f{x)e~^^^^ dx = 0, 

J fix) exp (^(1 + |x|2))e-^(-) dx^c.JJ iM^l^e-'\y-^\ dye-""^^^ dx. 

However, in this setting [8, Theorem 1.2] only implies that there exist two constants 
5, Co > such that for all / G C^{W^) with / /(x)e-^(^) dx = 0, 

/ f\x){l + Ixr)e-^(^) dx^co If ^4^^— ^^e-"'^''' dye-""^^^ dx. 



As a direct consequence of Theorem 1.1, we know that for 5 > and a G (0, 2), if 

(1.9) liminf — j-- > 0, 

then (1.8) holds, which implies the standard Poincare inequality: 

(1.10) fiy{f - Mf)Y < C^D^yAf^ f) for all / G C^iR'). 

In order to show that (1.9) is qualitatively sharp, we will study the concentration of 
measure for the Poincare inequality (1.10) of D^y^s with 6 > 0. 

Proposition 1.3. Let 6 > and < a < 2, and let fiy be a probability measure 
defined by (1.6). Suppose that there is a constant C2 > such that the Poincare 
inequality (1.10) holds for such fiy and Days- Then, there is a constant Aq > 
such that 



1.3. Weighted Poincare Inequalities for Day: Completeness of the Work 
in [13]. Let Day be the bilinear form defined by (1.4). We have the following result. 

Theorem 1.4. Let a G (0,2). If for some constant G (0,a/2), 



1^1.11) limsup 



sup e-^(") ) |a:|'^+"-"« 

\z\^x\ 



0, 



then there exists a constant C2 > such that the following weighted Poincare in- 
equality 

(1-12) j {f{^)-Mf)Yj^^^^^Mdx) ^ C.DayifJ) 

holds for all f G C^°°(R'^). 

The weighted function in the weighted Poincare inequality (1.12) is 

^ ' (1 + |x|)('^+") 
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This function is optimal in the sense that, the inequality (1.12) fails if we replace 
00 [x) by a positive function 00* (x), which satisfies that 

ui* (x) 
liminf — -— = 00. 

|a;|-5.oo u{x) 

Theorem 1.4 can be seen as a complement of [13, Theorem 1.1], where exphcit 
criteria are presented for fractional Dirichlet form D^y to satisfy Poincare, super 
Poincare and weak Poincare inequalities. 

We first mention that the weighted Poincare inequality (1.12) can be satisfied for 
some probability measures, which do not fulfill the true Poincare inequality. 

Example 1.5. For e > 0, let fj.e{dx) = (7^(1 + |xp)~^''+^^/^ cix be a probability 
measure, where Cg is a normalizing constant. According to Theorem 1.4, ii s > a/2, 
there exists a constant C3 > such that the following weighted Poincare inequality 

(fix) - fi,if)Yj^-^^^^ fieidx) J J ^^i^^^^.+j^ dyfi,{dx) 

holds for all / E C^(R^). However, by [13, Corollary 1.2 (1)], we know that the 
following Poincare inequality 

/ {m - Mf)YMdx)^c,JJ ^-M^J^dy^^,{dx), f G ^^(R'^) 

does not hold for any e G (a/2, a). 

The next result shows that the weighted Poincare inequality for D^y with con- 
tinuous weighted function, which tends to infinite when |x| tends to infinite, indeed 
implies the super Poincare inequality. For any r > 0, define 

h{r) := inf e^'^^\ H{r) := sup e^^^^. 

Proposition 1.6. Let fiy be a probability measure given by (1.6), andu be a positive 
continuous function on R'^ such that lim\r^\^aD^^{x) = 00. Suppose that there is a 
constant Cq > such that the following weighted Poincare inequality holds 

(1.13) J {f{x)-^iv{f)f^{x)Mdx) ^ CoD^yifJ), f G C^iR'). 
Then the following super Poincare inequality 

(1.14) Mf) ^rD^yifJ) + Pir)fivi\f\)', r > 0, / G ^^(R') 
holds with 



inf |cii/(t)2+'^/"/i(t)-^-'^/"(l + 5-'^/°) : , + g ^ r, t > l,s>ol. 

I ^ ^ inf coix) I 

\x\^t 

In particular, there are rg > small enough and a constant C2 > such that for all 
< r ^ ro, 



/3(r) ^02(1 + r-'^/"(/i o K{ACor~')y'~''"'{H o K{ACor~')y 

where 

K{r) := inf |s > : inf a;(x) ^ rj. 
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Let V{x) = ^ log(l + with e > a, and 

^y{dx) = Cye-^(^) dx = Cv{l + IxH-^'^'+^Va 

be the corresponding probabihty measure. According to Proposition 1.6 and the 
weighted Poincare inequahty obtained in Example 1.5, we know that the super 
Poincare inequahty (1.14) holds for such fiy and Day with 

/ d (d+£)(2a + d) 

(3{r) = cil + r " a(E-a) 

This estimate for the rate function /3 is exactly the same as that in [13, Corollary 
1.2 (2)], which indicates that the estimate above is optimal. However, due to the 
non-local property, we do not know whether the super Poincare inequality implies 
the weighted Poincare inequality for the Dirichlet form D^y, although it is true for 
local Dirichlet forms, e.g. see [11]. 

There exist a lot of works for weighted Poincare type inequalities for local Dirichlet 
forms, e.g. see [2, 4]. The difference between the main results in those cited papers 
and Theorem 1.4 is that, the weighted function of weighted Poincare inequalities in 
[2, Theorem 3.1] and [4, Theorem 2.1] is inside the associated Dirichlet form, but 
the weighted function of the inequality (1.12) here appears in the variation term 
(i.e. the left hand side of the inequality). The following proposition shows that the 
weighted Poincare inequality (1.12) implies more information, which may indicate 
that weighted Poincare inequalities of the form (1.12) are more suitable to study for 
non-local Dirichlet forms. 

Proposition 1.7. Let the function V satisfying 
(1.15) liminf^— >0, 

^ ' \x\^oo 

and let a; : R'' — )■ R+ he a continuous and positive function. Then there exists a 
constant 6*2(0;) > such that the following weighted Poincare inequality 

2 e^^^") 

(/(X)-^V(/)) 



:i.i6) 



^C,{u) / u{x) / 4^^— ^rfy/iK(rfx) 



\y - x\ 



holds for all f e C~(R' 



Under (1.15), the function V satisfies (1.11), which implies that the inequality 
(1.12) holds. According to (1.16), in this situation we can improve the inequality 
(1.12) by adding a weighted function u, which may tend to in any rate as |x| — ?■ 00, 
inside the non-local Dirichlet form Day-^ However, in the context of local Dirichlet 
forms, to obtain such weighted Poincare inequality we need to put some restrictive 
conditions on the rate of decay for the weighted function u."^ Roughly speaking. 



""^To deduce (1.16) from (1.12), one may take C2(w) = swp^^^d uj{x)~^ . However, as mentioned 
above the weighted function uj may tend to as |a;| — > 00, and so in this case C2(w) is infinite, 
which does not work. We will see below that the proof of Proposition 1.7 is not trivial. 

^One can easily check this point by using the criteria about Poincare inequalities for one dimen- 
sional diffusion processes, e.g. see [5, Table 1.4, Page 15]. 
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the difference is as follows: applying / G C^(R'^) with support contained in the set 
{x eM!^ : \x\ > r} into the weighted local Dirichlet form 

DMJ) ■■= j u;(x)|V/(x)|VyW, 

we find that D^{f, /) only depends on the value of u in domain {x G R"' : |x| > r}; 
while for the weighted non-local Dirichlet form 

DMJ) ■■= I ^{^) j ^^^^J~J^}^}^' dyMdx), 

Duj{f, f) depends on the value of u in R'^, not only in {a; G R'^ : \x\ > r}. 

The remaining part of this paper is organized as follows. In the next section 
we recall results on non-local Dirichlet forms and their generator, which apply all 
the examples to be studied in our paper. Section 3 is devoted to general theory 
on the existence of weighted Poincare inequalities for non-local Dirichlet forms via 
Lyapunov-type conditions of the associated truncated Dirichlet forms, which shall be 
interesting of itself. In Section 4, we establish efficient Lyapunov conditions for the 
truncated Dirichlet form associated with original Dirichlet form. This, along with 
the results in Sections 2 and 3, gives us weighted Poincare inequalities for general 
non-local Dirichlet forms (see Theorem 4.1), which immediately yield Theorems 1.1 
and 1.4. The proofs of Proposition 1.3, Proposition 1.6 and Proposition 1.7 are also 
included here. In Section 5, we will state that our approach to Theorem 4.1 also 
yields the criterion for weighted Poincare inequalities for Dirichlet forms associated 
with symmetric Markov processes under Girsanov transform of pure pump type. We 
also consider the corresponding concentration of measure, which indicates that the 
inequalities we derived above are optimal in some sense. 



2. Characterization of Operators Associated with Non-local 

Dirichlet Forms 

2.1. Non-local Dirichlet Forms in Terms of Generators. Let C^(R'^) be the 
set of smooth functions with compact support on R'^. Let V be a locally bounded 
measurable function on R'' such that J e~^^^^ dx < oo, and j be a measurable func- 
tion on R^*^ \ {(x, y) G R^*^; x = y} such that j{x, ^ and j{x, y) = j{y, x). Let 
fxv{dx) = Cve~^^^^ dx be a probability measure on (R'^, ^(E!^)) with a normalizing 
constant 



Je-n^)dx 



Dj,v{f, g) / / [fiy) - f{x)) {g{y) - g{x))j{x, y) fiv{dy) f^v{dx) 



Consider 



^{D^y) : = |/ G L'{f,v) : D^y{fJ) < ooj. 



Note that the kernel j{x,y) is only defined on the set {{x,y) G R^*^ : x ^ y}. Since 
{{x,y) G R^"^ : X = y} is a zero-measure set under fiy{dx) fiyidy), we can still write 
the integral domain as R'^ x R'' in the expression above for Dj y. 
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Suppose that for any e > 0, the function 

J {\x—y\>£} 

is locally integrable with respect to fiv{dx). Then, according to the proof of [7, 
Example 1.2.4], {Djy,^{Djy)) is a symmetric Dirichlet form on L'^{fiv) in the 
wide sense; namely, the set ^{Djy) is not necessarily dense in L'^{fiv), c.f. see [7, 
Chapter 1.3]. 

Theorem 2.1. The following three statements are satisfied. 
(1) // 



(2.17) h{x) := y (1 A |x - yp)j(x, y) ^dy) G LL(/iy), 
then C^{R'^) C ^{Djy); if 

(2.18) h{x):= J {lA\x-y\'')j{x,y)f^v{dy)eL\fiv), 

then C^iR'^) C ^{Djy). In particular, in both cases {Djy, ^{Djy)) 
Dirichlet form on L^{fiv)- 
(2) For any x G R,'^, set 

h{x) := / 1^1 ]{x, X + 2)e-^(^+") - ]{x, x - z)e-^(^-") dz. 
Suppose that 

(2.19) the function x i— Ii{x) is locally hounded for i = 1, 2. 
Then, for any f,ge C^{W^), 



is a 



where 
Lj,vf{x) 



(2.20) "^^ 



Djy{f,g) = - j gLjyfdm 



fix + z)- fix) - V/(x) ■ j(a;, x + ^)e-^(^+^) dz 

+ -V/(x)- / z(jix,x + z)e-^^''+'^ - jix,x - z)e-^^''-'A dz 



(3) Suppose that (2.19) holds, and there is a constant > such that for each 
r ^ ro, 

(2.21) h,rix) := tiBio,2r)rix) [ j ix, X + z)e-'' ^^^'Uz G L^(/iy). 

Then for each f G C^iM.'^), Ljyf G L^fiy)- 

Proof, (a) For any / G C^(R'^), choose r2, ri large enough such that r2 > ri + 1 
and supp(/) C 5(0, ri). Set 

Coif) ■= maxj sup |V/(x)p, 4 sup |/(x)p|. 
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Then, by the symmetric property that j{x, y) = j{y, x), 
DMfJ) 

(fix) - f{y)fj{x, y) fiv{dy) fiv{dx) 



(2.22) 



+ 
+ 



B(0,r2)xB(0,r2) 



B(0,r2)x_B(0,r2)'= 



f{xfi{x, y) Hvidy) nvidx) 



fivYJix, y) IJ^vidy) nvidx) 



B(0,r2)=xB(0,r2) 



(fix) - f{y)fj{x, y) f^v{dy) f^v{dx) 



B{0,r2)xB(0,r2) 



+ 2 



f{xfi{x, y) nvidy) nv{dx) 



+ 4 sup 



<Co(/) 



B{0,r2)xB{0,r2y 

r 

B{0,r2)xB(0,r2) 

f 

B{0,ri)xB{0,r2) 



^sup \Vf{x)\' [[ 



lJB(0,r2) 



X - y\^j{x, y) jj^vidy) nv{dx) 
3ix,y) fividy) nvidx) 
X - y) fiv{dy) fiyidx) 

j{x,y) fividy) nv{dx) 

B{Q,T\) J {\x—y\^r2—r\} 

{\x - A {Arl))i{x, y) Hv{dy) nv{dx 



B(0,r-2) >/{|x-yK2r2} 



-1 J 


{\x - y\'^ A (r2 


JB(0,ri) J 





B{0,r2) 



{\x - yl"^ A {Arl))j{x, y) Hv{dy) nv{,dx) 
{\x - A y) fJ-vidy) ^iv{dx). 



^(0,r2) / 


(|x - y\ 







This, along with (2.17), yields the first conclusion of part (1). 
For each / G ^^'"(E'^), we still set 

Coif) '■= maxj sup |V/(x)p, 4 sup |/(a;) 

Then, by the mean value theorem, for any x, y & R,'^, 

\f{x)-f{y)\'^co{f){lA\x-y\'). 

Hence, Djy{f,f) < oo, if (2.18) holds. This proves the second desired assertion of 
part (1). 

(b) The proof of part (2) essentially follows from that of [15, Theorem 1.2]. For 
the sake of completeness, here we present the proof in a different and simple way. 
We first note that under (2.19), (2.17) is satisfied, and so C^^W^) C ^{Djy). For 
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each / G C^(R ), by (2.20) and the mean value theorem, we have 

Ljyf{x) ^ ci{h{x) + hix)) 

for some constant Ci := Ci(/) > 0. Hence, (2.19) imphes that Ljyf is well defined 
and locally bounded. 

Next, for each e e (0, 1) and / G C^°^(R'^), define 

Lj,v,efix) 



--a 



V 



fix + z)- fix) - V/(x) ■ j(a:, x + ^)e-^(^+^) dz 

+ iv/(x)- / z(jix,x + z)e-^^^+'^-jix,x-z)e-^^^-'Adz 

2 J^e<\z\<l} ^ ' 



Cy / [fix + z)- fix))jix, X + ^)e-^(^+^) dz 

J{\z\>e} 

^^V/(x)- [ z(jix,x + z)e-^^''^'^ + jix,x - z)e-^^''-'A dz 



2 

=:Li,J(x) + L2,J(x). 
Since for any x G R*^ and 2 G R'^ with \z\ ^ e 



jix,x + z) ^ ( 4r A 1 )jix,x + z), 



£2 



the condition /i(x) is locally bounded implies that Li^i;f, for z = 1, 2 and any 
£ G (0, 1), are well defined and locally bounded. By the change of variable from z 
to —z and the symmetric property oi jix,y), we have L2,£/(x) = for all x G R'^. 
That is. Ljy^^ = Li^^. Hence, for each f,ge C^(R'^), 



Ljy,efix)gix) fividx) = - I Li^efix)gix) fividx) 

(fiy) - fix))gix)jix, y) nvidy) nvidx). 



' {\x-y\>e} 

Changing the position of x and it holds that 



Lj.v,efix)gix) nvidx) =11 [fiy) - fix))giy)iix, y) Hvidy) /iy(rfx) 

JJ{\x-y\>e} 

Therefore, combining two equalities above, we have 



- I LjyJix)gix) fividx) 

(2.23) 

{f{y) - fix)) [giy) - gix))jix, y) fividy) f^vidx). 



{\x-y\>e} 



By the mean value theorem and (2.19), in the support of g the function Ljy^fix) 
is uniformly bounded for any e G (0, 1). Thus, the dominated convergence theorem 
yields that 

Jim j LjyJix)gix) nvidx) = j Ljyfix)gix) nvidx) 
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On the other hand, according to estimates in (2.22) and also the dominated conver- 
gence theorem, 



Then, letting e in (2.23), we prove the conclusion of part (2). 

(c) For the part (3), the proof is almost the same as that of [15, Lemma 2.1], 
but we can get an improvement of the conclusion by a minor modification. In fact, 
for each / G C^(R'^), there is a constant r > tq such that supp(/) C 5(0, r). 
As mentioned in the proof of part (2) above, under (2.19) the function Ljyf is 
locally bounded, and so ||l_B(o,2r)-^i,y/||L2(^^) < oo. On the other hand, since for 
any |x| > r, f{x) = and V/(x) = 0, it follows from (2.20) that 

'^{BiO,2r)r{x)Ljyf{x 

Cyl(i?(o,2r))=(a;) / f{x + z)j{x,x + z)e-^^''+^^dz 



^Cv\\f\\oot{B{0,2r)r{x) 1 B{0,r){x + z)j {x , X + z)e dz 



= C'y||/||ool(i?(o,2r))-(a;) / j{x,x + z)e ^^""^^Uz, 

Then, by (2.21), we get that for any r > Tq, ||l(B(o,2r))'^^i,y/||L2(,.v') < oo. This 
completes the proof. □ 



Under (2.17), let {D^y^S^D^y)) be the closure of {Djy.C^^E!^)) under norm 

||.||z,,,,,i on L\^^y), where := [mW.) + D,,vU ^ f))'" / e Cr(E^). 

Then, the bilinear form {Dj v, ^{Djy)) becomes a regular Dirichlet form on L^(yUy). 
It holds that S'{Djy) C S^^Djy). However, those two domains may be different, 
and the Dirichlet form {Djy,^{Djy)) may not be regular in generally. On the 
other hand, we note that under (2.19) the operator Ljy does not necessarily map 
C^(R'^) into L^(yUy), though it is well defined in the sense of pointwise on C'^(R'^). 
If moreover (2.21) holds, then the Friedrich extension of {Ljy, C^(R'^)) is a self-joint 
operator, which is the infinitesimal generator of the Dirichelt form {Djy,S'{Djy)). 

2.2. Examples. In this part, we will present several examples as an application of 
Theorem 2.1. In all the examples, let V be a locally bounded function on R'^ such 
that J e~^^^^ dx < oo and is bounded in R'^. Let jiv{dx) = Cve~^^^^ dx be a 
probability measure on (R'^, i^(R'^)). 

Example 2.2. Let p be a positive measurable function on R+ := (0, oo) such that 
(2.24) / p{r) [1 A r^)r'^~^dr <oo. 

i{0,oo) 

Consider the following form 

Dp,vif,g) // {f{y)- f{x)){g{y)-g{x))p{\x-y\)dyfividx] 

(2.25) 

^{D,y) : = |/ G L'ipv) : D,y{f,f) < ooj. 
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Then, {Dpy, ^{Dp v)) is a symmetric Dirichlet form on L'^{fiv) such that C^(R'^) C 
^{Dpy). Moreover, if e"^ G Cl{R'^), then for any f,ge ^^^(R'^), 



Dpy{f,g) 



where 



(2.26) 



Lpyf{x) 
_ 1 
~ 2 



/(a; + ^) _ /(a;) _ V/(X) ■ (e^(^)-^(^+^) + 1) dz 



V/(x 

Additionally, if for r big enough 



.p(|.|)(, 



1) dz 



(2.27) 



sup p(|z|) ] e^^^^ < CX), 



then Lpy maps C;^(R'^) into L^ii^v)- 

Proof. By changing the position of x, y and the symmetric property of Dp v, it is 
easy to see that for any f,g& C^(R'^), 



Dpy{f,g) = - II {f{y)- f{x))[g{y) - g{x))j{x,y) ^iv{dy) ^iv{dx) 



where 



j(^,l/) = ^P(k-y|)(e^^^^ + e^(^)). 



First, for all x E R*^, 
(2.28) Ii{x) = l [ (lA|x-i/p)p(|x-i/|)(e^(^)-^(^) + l)d2/, 



so 



J I,(x) fividx) =^ jj {lA\x-y\^)p{\x-y\)e-''^^Uydx 



+ // [l^\x-y\^)p{\x-y\)t 



-V(y) 



dy dx 



=Cv jj (1 A |x - y\^)p{\x - y\) dye-^^^^ dx 
Then, according to (2.24) and G L^{dx), 



J Ii{x) pv{dx) < oo. 



i.e. (2.18) is true. According to Theorem 2.1 (1), [Dpy., Si {Dpy)) is a symmetric 
Dirichlet form on L'^{pv) such that C^{W^) C S!{Dpy). 

Second, since is bounded and V is locally bounded, by (2.28) and (2.24), it 
is easy to check Ii{x) is locally bounded. On the other hand, 

1 



hx) 



2a 



V J{\z\^l} 



\Ap{\A) 



^V(x)-V(x+z) _ ^V{x)-V{x-z) 



dz. 
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Due to the fact e"^ e Cl{R'^), it follows from (2.24) and the mean value theorem 
that l2{x) is locally bounded. Thus, (2.19) holds. Therefore, according to Theorem 
2.1 (2), we know that for any f, g e C^{R'^), 



Dpy{f,g) = - gLpyfdfi 



where 



Lp,vf{x) 



/(a; + ^) _ /(a;) _ v/(x) ■ ^l{|,|o})p(|2|) (e^(^)-^(^+^) + 1) dz 



^p(|^|)(e^(^)-^(^+^) - e^(-)-^(--^)) dz 



Combining it with the fact 

^p(|^|)fe^(^)-^(^+^) - e^(^-)-^(--^)) dz 



yields the required assertion (2.26). 
Finally, for r large enough, we have 
1 



^p(|^|)((e^(^-)-^(^+^) - 1) - (e^W-^(--^) - 1)) dz 
zp(|z|)(e^(")-^("+^) - 1) dz 



2C, 



-l(B(o»)c(x) / p(|^|)(l + e^(-)-^(-+^))dz. 

According to (2.24) and the facts that is bounded and for any \x\ ^ 2r and 

|x + 2| ^ r, 

|z| ^ |x| — \x + z\ ^ \x\ — r ^ 
we get that for r > large enough, there exist q := Cj(r) > (i = 1, 2, 3) such that 



p{\z\)dz 



{|a;+z|!gr} 



^ C2l(B(0,2r))<=(a;) 
^ C3l(B(o,2r))'^(a^) 



sup p{\z\) 

l + e^(")( / e-^^^^dz)!' sup p(|z|)) 



l + e^(^)( sup p(l^l) 



which, along with (2.27), yields that J3 ,. G L^(py). Hence, by Theorem 2.1 (3), we 
know that Lpyf e ^^(py) for every / G C,°^(R"'). □ 

Since G L^{dx) and is bounded, e~^^ G L^{dx), and hence we can define 
a probability measure 
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Example 2.3. Let he a. positive measurable function on (0, oo) satisfying 



■?/'(r)(l A r^)r'' ^ dr < 



oo. 



(2.29) 

Consider the following form 

DMf\9) --=1 II {f{y)-f[x)){g{y)-g{x)) 



(2.30) 



f e L\fi2v) ■■ D^yifJ) < oo 



Then, [D^y, &[D^y)) is a symmetric Dirichlet form on L^(/i2\/) such that C^(R'^) 
C &{D^y). Moreover, if e"^ G Cf[(R'^), then for any /, ^ G C^°°(R'^), 



D^y{f,g) 



where 



(2.31) C2V 

+ V/(x 

Additionally, if for r big enough, 
(2.32) 



{kl^l} 



.v^(lzl)(, 



1) dz 



I ( sup ?/'(|2;|)') dx < oo. 



then L^yf e L2(/i2y) for each / G C,°°(E'^). 

Proof. It is easy to see that for any f,g^ C^iM!^) 
1 



Di,,vif,g) 



{f{x) - f{y)) {g{x) - g{y))j{x, y) ^2v{dy) H2v{dx) 



where 



Then, 



j(^,l/) = 7^V'(|x-y|)(e^(^)+^(^)). 



r<2 



h{x) 
hix) 



1 



C2V 

1 



1^2 



(1 A Ix - yp)^(|x - 2/|)e^(")-^(^)ciy 
\zm\z\) 



^Vix)-Vix+z) _ ^Vix)-V{x-z) 



dz. 



Since e ^ is bounded, e ^ G L^{dx) and is locally bounded, it follows from (2.29) 
that (2.18) holds and /i(x) is locally bounded. If e"^ G Cl{R'^), by (2.29) and the 
mean value theorem, we can check that l2{x) is also locally bounded. According to 
Theorem 2.1 (1) and (2), we know that {D^y, !^{D^y)) is a symmetric Dirichlet 
form on L'^{fi2v) such that C~(R'^) c ^{D^y), and for any f,ge C~(R'^), 



Di;y{f,g) = - 1 gL^yfdn2v, 
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where 

L^yfix) =^ J [fix + z)- fix) - V/(x) ■ ;^l||,|^i|)^<|z|)e^(^)-^(^+^) dz 

+ -V fix) ■ [ z^i\z\) (e^W-^(-+-) - e^W-^(--)) dz 
Combining this with the fact that 

= /" zV^d^Df (e^(^)-^(^+^) - 1) - (e^(-)-^(--) - 1)) 

J{\z\^l} 

we get the required expression (2.31). 
For r big enough, we have 



*-'2y J{|z+ai^r} 



By the direct computation as that in Example 2.2, 



h,rix) ^ Cil(_B{0,2r)rix) 



^ C2l(B(0,2r))=(a;) 



e^(")f sup ^(|2|) 



e-^(")rf^)( sup iji\z\)) 



holds for some constants Cj := Ci(r) (i = 1, 2). This, along with (2.32), implies that 
I-s^r £ L'^ifJ'2v)- According to Theorem 2.1 (3), we know that L^yf G L^(/i2y) for 
every / G C,°^(R"') ' □ 

In the following example, we consider the same form D^yif, g) as that in Example 
2.3 on the space L^(/iy), not L^ifi2v)- 

Example 2.4. Let ip be the same function as that in Example 2.3. Consider the 
form D^yif,g) defined by (2.30), but with the following domain 

^2iD^y) := |/ G L\fiv) : D^yifJ) < cx)|. 

Then, the bilinear form (-D^y, ^2(-D^y)) is a symmetric Dirichlet form on L'^ifiy) 
such that C^iR'^) C ^2(^^y)- Furthermore, if e"^ G CHR'^), then for any /, 
g G C^iR"), 

D^yif,g) = - j gL^y2fdnv, 

where 



L^y2fix) —C\ 



/(^ + ^) _ /(a;) _ v/(x) ■ ^l{|,|^i|)^A(|^|)e-^(^+^) dz 



+ V/(x)- / z^(|z|)(e-^("+") -e-^("))ciz 



Moreover, for each / G C^°°(R'^), ^^^,2/ e ^^^(Aiy)- 
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Proof. It is easy to see that for any f,g^ C^(R'^) 
1 



Di,,v{f,g) 



(fix) - fiy)) (gi^) - g{y))j{x, y) Pv{dy) pv{dx) 



where 



]{x,y) = tpilx - y\). 

Following the computation in Example 2.2, we can check that under (2.29) and the 
condition e~ G C^(R'^), the statements (2.18) and (2.19) hold. Then, applying 
Theorem 2.1 (1) and (2), we know that [D^y, ^2{D^y)) is a symmetric Dirichlet 
form on L^ipv) such that C^{'R'^) C ^2(^^,1/), and for any f,ge C^°°(R'^), 



D^y{f,g) 



gL^yifdpx 



where 

L^y2f{x) =Cv 



/(^ + ^) _ /(a;) _ v/(x) ■ M||,|o})^A(|;^|)e-^(^+^) dz 



Vf{x) ■ I 2^/^(|z|) (e-^("+^) - e-^(")) dz 



On the other hand, by direct computation, 

hr{x) = 1 



(B(0,2r))-W / ^(l^l)e ^^""^^Uz, 

{\z+x\sir} 

which is bounded with respect to x, and hence I^^r G L^(/i\/). It follows from 
Theorem 2.1 (3) that the operator L^y^2 maps C^(R'^) into L^(/iy). □ 

In order to drive weighted functional inequalities in the next two sections, we 
consider the following examples about truncated Dirichlet forms. The proof is similar 
to that of Examples 2.2 and 2.3, and we omit the details here. 

Example 2.5. (Truncated Dirichlet Form for (Dpy,^(Dpy))) Let p be the 
same function as that in Example 2.2 such that (2.24) is satisfied. For all r > 0, 
define p(r) := p(r)l{r>i}. Consider the following truncated form 

Dpy{f^9) --=1 [[ {f{y)-f{x)){g{y)-g{x))p{\x-y\)dypv{dx) 



{\x-y\>l} 
2 



{f{y) - fix)) [g{y) - g{x))p{\x - y\) dynv{dx), 



feL'{pv):DpyifJ)<oo 



Then, (Dpy, 2'{Dp,v)) is a symmetric Dirichlet form on L^(/iy) such that C^(R'^) C 
&{Dpy), and for any /, ^ G C,^(R'^), 



(2.33) 
where 



Lpyf{x) 



Dpy if, g) = - J gLpyfdpv, 

{fix + z)- /(x))p(|z|) (e^(^)-^(^+^) + 1) dz. 



{|^l>i} 



Furthermore, if (2.27) holds, then Lpyf e L^{pv) for each / e C^{R'^). 
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Remark 2.6. For the truncated Dirichlet form {Dpy,^{Dpy)), in order to let 
(2.33) hold, we do not need the condition G Cl{BJ^) as that in Example 2.2. 
The reason is as follows: for truncated Dirichlet form {Dpy,S'{Dpy)), l2{x) = 0, 
and so it suffices to check that belongs to L^{fiv) and is locally bounded. 

Hence, according to the proof of Example 2.2, the condition G Cl(M!^) is not 
necessary, and the assumption that is bounded and V is locally bounded is 
enough to ensure the function belongs to L^{fiy) and is locally bounded. 

Example 2.7. (Truncated Dirichlet Form for {D^y,^{D^y))) Let ip be the 
same function as that in Example 2.3 such that (2.29) holds. For any r > 0, define 
■ip{r) := ilj{r)l^r>i} and a truncated form as follows 

D^y{f,9):=l J J {fiv) - f{x)) {giy) - 9{x))ij{\x - y\) e-'''~y^ dy e-^'^^Ux 

ifiy) - fix)) {giy) - 9ixM\x - y\) e-^(^) ci2/e-^(^) dx, 

x-y\>l} 

&{D^y) :=|/ G L\^i2v) : ^^,y(/,/) < oo 

Then, (D^y,^{D^y)) is a symmetric Dirichlet form on L^(/i2\/), which satisfies 
that C^iR"^) C ^{Di,y), and for any f,ge C,°°(E^), 

D^y{f,g) = - J gL^yfdn2v 

Here, 

L^yfix) = ^ I {fix + z)- /(x))V^(|z|)e^(-)-^(-+^) dz, 

In particular, if (2.32) holds, then L^yf G L'^{^i2v) for each / G C~(R'^). 

Remark 2.8. The Dirichlet form in Example 2.3 is associated with symmetric 
Markov processes under Girsanov transform of pure jump type, see [6, Theorem 
3.4] and [10, Theorem 3.1]. The Dirichlet from in Example 2.4 was first introduced 
in [15] to study the symmetric property of Levy type operators. In particular, if 
ip{r) = r~*^'^+"^ for constant a G (0,2) in Example 2.4, then the Dirichlet from 
[D^y, ^2{D^y)) has a non-local expression of the Gagliardo semi-norms for frac- 
tional Sobolev spaces iy"/^'^(R'^) of order a/2, see [8]. Different from Examples 
2.3 and 2.4, the Dirichlet form appearing in Example 2.2 is of the "not symmetric" 
expression. 

3. Weighted Poincare Inequalities for general Non-local Dirichlet 

Forms via Lyapunov Conditions 

Let j be a nonnegative and symmetric jump kernel on R^'^\{(x, y) G R^'^ : x = y}, 
and fly be a probability measure on such that (2.18) and (2.19) hold. 

Let [Dj v, (S'{Djy)) be the regular Dirichlet form given in the paragraph below 
the proof of Theorem 2.1. In order to consider weighted Poincare inequalities for 
{Djy, S'{Djy)), we start with the truncated Dirichlet form {Djy,S'{Dj y)) corre- 
sponding to {Djy, S'{Djy)); namely, for any f,gE C^(R'^), 

Djy{f,g)-=\ If {f{x)- f{y)){g{x)- g{y))j{x,y)^iv{dy)liv{dx), 

^ J J {\x-y\>l} 
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and S^Dj y) is the closure of C^(R'^) under the norm 

\\f\\D,^.y-=mhM + D,yUJ)Y'"- 

According to the proof of Theorem 2.1 and the paragraph below it (also see Example 
2.5), for any f,ge ^^(IR''), 

Djy{f,g) = - J gLjyfdixv, 

where 

(3.34) Ljyfix) = [ {f{y) - f{x))j{x, y)f^v{dy). 

Denote by Tjy{f,g) the carre de champ of (Lj^y, C^(R'^)), i.e., for any f,gE 
C~(R'^), 

(3.35) Tjy{f,g){x) := Ljy{fg){x) - g{x)Ljyf{x) - f{x)Ljyg{x). 
It is easy to check that for each f,g& C^(1R'^), 

^jy{f^9){x) = / {f{x)-f{y)){g{x)-g{y))jix,y)fxv{dy). 

Furthermore, due to (2.18) and (2.19), we know that for every f,g& C^(R"'), Lj yf 
and rjy{f,g) are well defined and locally bounded. 

In order to apply Lyapunov functions (which usually are unbounded) to Ljy, we 
need the following bigger domain associated with Ljy and Tjy: 

^,y := |0 G C°°(R") -.x^f \4>{y)\j{x,y)fiv (dy) 

(3.36) J{\^-y\>i} 

is locally bounded |. 

First, by (3.34), (3.35), (3.36) and some direct computation, we have the following 

Lemma 3.1. For each (p E ^jy and f E C^(R'^), both Ljycp and Tjy{f,(l)) are 
pointwise well defined by (3.34) and (3.35), respectively; moreover, both of them are 
locally bounded, and 

Tjy{f,<P)ix) = [ (fix) - fiy)) (0(x) - <Piy))jix,y)fxv{dy) 

J{\x~y\>l} 

Next, we shall use Lyapunov type conditions for the operator Ljy. These condi- 
tions are known to yield functional inequalities for Markov processes, e.g. Poincare 
inequalities for diffusion processes, see [1], and super- Poincare inequalities for sym- 
metric Markov processes, see [3]. The following lemma further shows that Lyapunov 
type conditions imply functional inequalities for non-local symmetric Dirichlet forms. 
The proof follows some method from [16, Theorem 2.1]. 

Proposition 3.2. Suppose that there exist two positive functions E '^jy, h E 
C°°(R'^), and two constants b, r > such that for all x E M!^, 

(3.37) Ljy(j){x) ^ -h{x) + blB{Q,T){x)- 



WEIGHTED POINCARE INEQUALITIES FOR NONLOCAL DIRICHLET FORMS 19 
Then for any f G C^iBf^), 

(3.38) / fhr' dfiv ^ D^yif, f) + b[ fr' dfiy 

J J B{0,r) 

Moreover, if there is a constant c > such that (p c, then the inequality (3.38) 
still holds for every f G C~(R''). 

Proof, (a) We first consider the case for / G C^{M!^). By Tlieorem 2.1 and Lemma 
3.1, for any / G C~(R'^), 

Dj,vif, = ~ / f^jyf dfiv = - J fLjy (^0) dfxv 

^j,v{f^,^) - J f^j,v{^,4') dfJ.^ 



f^^d^.y + 



_ I j^2Lj,V<, 



^^^^dfiv+ Q j ^jy{f4>,^)dfiv - J ftjy{^,4>) dfii 



=--Mf) + Mf), 

wliere in the equalities above we have used the facts that for / G C^(M!^), G 
C^(R'^), and Tjy(^f(j)~^, 0) is well defined and locally bounded, thanks to G '^jy- 
Next, we will claim that J2{f) ^ 0. If this holds, then we get 

(3.39) t),y{fj)^- [ f^df^v, 



which, along with (3.37), immediately yields the inequality (3.38) for every / G 
To prove J2(/) > 0, it suffices to verify that for all / G C~(R'^), 

Mf)-='2Mf^) = j t,y{f4>',f)dfiv-2 j /0f„y(/,0) dfiv^O. 
Note that 

^3(/) 

{f{x) - f{y)) {f{x)(j)'^{x) - f{y)(f{y))j{x, y) fiv{dy) fiv{dx) 

{\x-y\>l} 

f{x)(j){x) (/(x) - f{y)) {(f){x) - (f){y))j{x, y) Hv{dy) Hv{dx) 

{\x~y\>l} 

{fix) - f{y)) 

{\x-y\>l} 

X (/(x)02(x) - f{y)(t)'^{y) - 2/(x)0(x) (0(x) - 0(?/))) j(3^, y) l^v{dy) f^v{dx) 
{fix) - fiv)) 

{\x-y\>l} 



X -f{x)(l)'{x)-f{y)(l)\y) + 2f{x)(l){x)(t){y))j{x,y)i^vidy)Mdx) 
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In particular, due to (3.36), every item above is finite, and the case oo — oo will not 
happen. 

By the symmetric property that j{x,y) fiv{dy) fiv{dx) = j{y,x) fiv{dy) nv{dx), 
we have 

Mf) 

ifiy) - /(^)) 

X f - f{y)4>\y) - f{x)4>\x) + 2/(y)0(2/)0(x)) 3{x, y) iiv{dy) i^v{dx) 

(/(^) - f{y)) 

{\x^y\>l} 

X (^f{y)4>\y) + f{x)(f)\x) - 2/(y)0(?/)0(x)) j{x, y) fividy) ^iy{dx). 
Adding the two equalities above, we arrive at 

Uf) =^ ff (fix) - fiy)Y<Piy)m jix, y) Mdy) Mdx) ^ o. 

J J{\x^y\>l} 

This proves (3.38) for every / G C^{R'^). 

(b) For every / E C^(R'^), there is a sequence of functions {fn}'^=i ^ C^(R'^) 
such that 

(3.40) lim /„(x) = /(x), sup ||/„||oo < oo, sup || V/„||oo < oo. 

n->oo „ „ 

,2 



Let Fn{x,y) := (/„(x) - /„(y)) . We have 

1 

2 JJ{\x-y\>l} 

Note that (3.40) implies that sup„ |F„(x,y)| < oo. Thus, by (2.18) and the domi- 
nated convergence theorem, we get 



Djyifn, fn) = 7^ II K{x, y)j{x, y) nv{dx) Hvidy). 



n— >oo 

o the dominated convergence 
lim / f^4>~^d^v = / f4>~^d^v 



n— >oo 

Since ^ c > 0, also due to the dominated convergence theorem. 



On the other hand, thanks to the Fatou lemma. 



//"^hcj) ^dfiy ^ liminf / ^dfiy 
n^oo J 



Since (3.38) holds for each /„,, letting n tend to infinity and using the estimates 
above, we can show that (3.38) holds for / G C;^(R"'). □ 

Remark 3.3. (1) If </> ^ c > 0, then, by taking / = 1 in (3.38), we have 
J h(j)~^dnv < oo. 

(2) In the proof of Proposition 3.2 above, the main step is to show (3.39), which 
formally is the same as the conclusion of [3, Lemma2.12]. However, here we can not 
apply [3, Lemma2.12] directly, since the generator (Lj^y, C^(R'^)) associated with 
Dj Y is not necessarily self-joint in L'^{fiv), see the paragraph below the proof of 
Theorem 2.1. 
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Another ingredient is the following local Poincare inequality: 
Lemma 3.4. For any r > and any f E C^(R'^), 

(3.41) / fdfiv^^rD,y{fJ)+fiv{B{0,r))-'([ f dflyY, 

J B{0,r) ^ J B{0,t) ' 

where 

(3.42) Kr = — J' sup / j{x,y)-^ fividy). 
Proof. Note that, (3.41) is equivalent to 



1 '• 



B{0,r) V f^v{B{0,r)) JB(^o,r) J 

For any / G C^(R'^), by the Cauchy-Schwarz inequality, 

2 



yf^^") /R/n / f{x)fividx)] fividx) 

B(0,r) \ fJ'V[^[^,r)) jB{0,r) 



1 " 



B(0,r) \fJ'v{B{0,r)) JB{0,r) 



(fix) - f{y))^ividy) fiv{dx) 



^ . / (/ {f{x)-f{y)rj{x,y)f,y{dy) 

x( / j{x,y)~'^ fividy)) ^v{dx) 

\JB{0,r) / 



1 



fiv{B{0,r)y 



sup 

x€B{0,r) V JB{0,r) 



j{x,y) ^ fividy) 



X / / {f{x)-f{y)yj{x,y)iJv{dy)]nv{dx) 

JB{0,r) \JB{0,r) J 

^KrD,y{f,f). 

The proof is complete. □ 

Remark 3.5. The item j^^^^,^j{x^y)~^^v{dy)i and so the constant k^, may not 

always be finite. For instance, if j{x, y) = for any x, y E with |x — y| ^ 1, then 
J^^Q j{x,y)~^ fiv{dy) = oo for all x E R'^ with |x| < r — 1. 

Having Proposition 3.2 and Lemma 3.4 at hand, we are in position to present the 
main result in this section. 

Theorem 3.6. Suppose that there exist (f) G ^jy with (j) ^ 1, h E C°°(R'^) with 
h > and two constants b, r^ > such that for all x E W^, 

(3.43) Ljy(P{x) ^ -h{x) + 61b(o,.,o(x). 

If fiv{4>h~^) < oo and the constant defined by (3.42) satisfies Kr < oc for each 
r > 1, then there exists a constant Ci > such that for any f E C^(M!^) with 
J fdfiv = 0, 

(3.44) J fM''dfiv^C^D,y{fJ). 
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Remark 3.7. If mf\x\^ri{h(f)~^){x) > for 77 large enough, then sup|2,|^^(/i~^0)(x) < 
00, which yields that fiy{h~^(j)) < 00. In this case, the weighted Poincare inequality 
(3.44) is stronger than the usual Poincare inequality. 

Proof of Theorem 3.6. According to (3.43) and Proposition 3.2, for any / G C^(R°') 
with J / d^v = 0, 

/ fM-' dfiv ^ D.yif, f) + b [ dfiv, 

J JB{0,ro) 

where we have used the fact that Djy{f, f) ^ Djy{f, /)• Since {/) ^ 1, by the local 
Poincare inequality (3.41), for any r ^ Tq, 

f'^(j)~^dfiv ^ / f^dfiv 

B(0,ro) JB{0,ro) 

2 



JB{0,r) 

where in the equality above we have used the fact that 

/ fdfiv = - fdfiv- 

JB{0,r) J B{0,rY 

Using the Cauchy-Schwarz inequality, we find 

( / / diiv) \( I fM-' dfiv) ( [ <ph-' dfiv) , 

^JB{0,r)'= ^ ^JB{0,ry ^ ^ J B(0,r)'= ^ 

Therefore, for any / G C^(R'^) with J f dfiy = and r ^ Tq, 

/iy(5(0,r)) J 

Since ixy^cph"^) < 00, we can choose ri ^ Tq large enough such that 



^1/2, 



l^v{B{0,r,)) 

which gives us the inequality (3.44) with Ci = 2(1 + bun)- D 

Remark 3.8. In this section, we have showed the method on how to deduce func- 
tional inequalities for Djy from the Lyapunov conditions for the generator associated 
with truncated Dirichlet form Djy- In fact, we can also use the Lyapunov conditions 
for Dj Y itself (see [13]), but more technical conditions in the definition (3.36) for 
the class y are required. We will see in the next two sections that the Lyapunov 
conditions for truncated Dirichlet form is efficient in a number of applications. 
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4. Weighted Poingare Inequalities for Non-local Dirighlet Forms 

4.1. Weighted Poincare Inequalities for Non-local Dirichlet Forms Dpy. 

Throughout this section, we assume that p : R+ := (0, oo) — R_|_ satisfies (2.24), 
fxvidx) = Cve~^^^^ dx is a probability measure such that is bounded and V 
is locally bounded, and Dpy is the bilinear form defined by (2.25). The following 
statement presents the criterion about weighted Poincare inequalities for Dpy. 

Theorem 4.1. Suppose p{r) : — )■ is a continuous function satisfying (2.24), 
(4.45) / r'^-V(r)"^rfr < oo. 



and 



(4.46) / ,, ,, dx < oo, 

i{|:.|>l} 7(f|) 

where for r > 0, 

7(r) := inf p(s). 

0<s<r+l 

// there exists some constant < Qq < 1 such that 

(4.47) / ^rf+°o-ip(^) < oo 

J{r>l} 

and 

then there exists a constant Ci > such that the following weighted Poincare in- 
equality 

,2 



{f{x)-pv{f)) e^'^^^^ilxDpvidx) ^ C,Dpy{f,f) 
holds for all f e C^(R'^). 

To prove Theorem 4.1, we begin with the truncated form Dpy associated with 
Dpy. In particular, according to Example 2.5, we have 

Lemma 4.2. For any f,ge C^(R'^), 

-j 9{Lpyf) dpv = Dpy{f,g), 

where 

(4.49) Lpyfix) = \f {fix + z)- /(x))p(|^|) (e^(-)-^(-+^) + l) dz. 

Next, we shall study Lyapunov type conditions for the operator Lpy. The crucial 
step is the proper choice of the Lyapunov function, see e.g. [14]. The following 
lemma is motivated by the proof of [13, Lemma 3.8], which was used to prove super 
Poincare inequalities and Poincare inequalities for fractional Dirichlet forms D^y 
(see [13, Theorem 3.6]). 
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Lemma 4.3. Let ao be the constant in Theorem 4.1, and (p G C°°(R'^) be a function 
such that 0^1 and (f){x) = 1 + |a;|"" for \x\ > 1. Suppose that (4.47) and (4.48) 
hold. Then Lpy(j){x) is well defined by (4.49) and locally hounded; moreover, there 
exist ro, Ci and C2 > such that 

(4.50) Lpyct>{x) ^ -Cie^(^)7(|x|)0(x) + C2lB(0,ro){x), 

where 7(r) := info<s<gr+i p{s) as that in Theorem 4.1. 

Proof. Throughout the proof, all the constants q [i ^ 0) do not depend on x. Let 
Ci := supi^i^i 0(a;). We claim that 

x^ I \<p{y)\p{\x - y\) dy 

J{\x-y\>l} 

is locally bounded. In fact, 

I \cl>{y)\p{\x-y\)dy^ I [c, + I + \yr) p{\x - y\) dy 

J{\x-y\>l} J{\x~y\>l} 

^ / {ci + I + \x\''° + \x - y\''°) p{\x - y\) dy 

^ C2(i + ixr°), 

where in the second inequality we have used the fact that 

\x + yl"" ^ (|a:| + \y\Y' ^ \xr + W , «o G (0, 1), x, y G 

and the last inequality follows from (4.47). Hence, the claim is true, and this yields 
the first conclusion of the Lemma. 

In order to complete the proof, we only need to verify (4.50) for large values of 
For |x| large enough, 

{(t){x + z) - (piyx)) p{\z\) dz I (ci + + - |x|°o)p(|2|)rf2 
{\z\>l} Akl>i} 



^ / {ci + \zr)p{\z\)dz 

J{\z\>l} 

= C3 < 00. 

Moreover, for |x| large enough, 

{4){x + z)- <P{x)) e^(")-^("+^V(kl) dz 

{\A>i} 

^e^(") f (ci - |a;r°)e"^("+^V(kl)t^^ 

i{|a:+2|^l} 

J {|z|>l,lx+2|>la;|} 

^e^(") f (ci - |x|"°)e-^("+^V(l^l)^^^ 

J{\x+z\i^l} 

^{|z|>l,|x'+z|>|a;|} 
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^ e^(^) ( inf e-^^A I (ci - \x\''°) p{\z\) dz 

+ e^(^) ( sup e-^("M /" |^|°V(|z|)d2 

^ e^(") f inf e-^(^)) f [c^ - \x\''^') p{\z\) dz 

+ e^(") f sup e-^(")) / 

^ -C4e^(")7(|x|)(l + 1x1"°) + C5e^(") sup e'^^") 

Here, in the first inequality we split the integral domain and use the facts that for 
\x\ large enough, 

{z : \x + z\ ^ 1} = {z : \z\ > 1, |a; + 2;| ^ 1}, 

and 

{z : l^l > 1, |a; + z| > |a;|} C {z : \z\ > 1, |x + z| > 1}; 

in the second inequality we drop the second term in the first inequality since it is 
negative; in the fifth inequality we use (4.47) and the estimate that 

inf p{\z\)^ inf p(|2|)= 7(1x1); 

z:\x+z\^l z:\z\^\x\ + l 

and the last inequality follows from (4.48). 

Combining all the estimates above and using (4.49), we get the inequality (4.50) 
for \x\ large enough. This completes the proof. □ 

Now we give the proof of Theorem 4.1. 

Proof of Theorem 4-1- From Example 2.2, 



where 



/e-^(-) dx 

By (3.36), we define the class of functions '^^py for Dpy as follows 

^p,v := {/ e C°°(R^) -.x^ [ \f{yM\x -y\){l + e^(^)-^(^)) dy 

^ J{\x~y\>l} 

is well defined and locally bounded|. 

Let ^ 1 be the test function in Lemma 4.3. According to the proof of Lemma 4.3, 
it is easy to check that under (4.47), G '^p,v- 

Due to (4.45), and the facts that p(r) is positive and continuous on r G [l,C)o) 
and V is locally bounded, j{x,y)~^ is integrable in B{0,2r) x S(0,2r). Hence, for 
each r > 0, Kr defined by (3.42) is finite. 
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By Lemma 4.3, there exist tq, Ci and C2 > such that 

Lpy<P{x) ^ -Cie^(^)7(k|)0(x) +C2lB(0,r-o)(a;). 

That is, (3.43) holds with h{x) = Cie^(^)7(|x|)0(a;). 

Note that (4.46) imphes fiv{4'h^^) < 00. Therefore, the desired assertion follows 
from Theorem 3.6. □ 

4.2. Weighted Poincare Inequalities for Day,s with 5 > 0. We are now in a 

position to present the proof of Theorem 1.1. 

Proof of Theorem 1.1. Choose p(r) = e-<5''j"-(a'+") with a G (0,2) and 5 > in 
Theorem 4.1. We know that (4.45) and (4.47) hold. It follows from (1.7) that (4.48) 
is satisfied. On the other hand, under (1.7), we know that for \x\ large enough, 

e-^(^) ^ sup e-^(") ^ e-^l^'llxj-'^-^+^o. 

\z\^\x\ 

Therefore, there exists a constant Ci > such that 

I \^\d+c.^-2V{x)+S\x\ d^^^f |^|-d-a+2aog-<5|x| ^ 

J{\x\^l} J{\x\^l} 

and so (4.46) also holds. Combining all the conclusions above, we get the required 
assertion. □ 

Next, we turn to the proof of Proposition 1.3. 

Proof of Proposition 1.3. For any n ^ 1, define (7„(x) := g-^d^'l^")^ where A > is a 
constant to be determined later. Clearly, is a Lipschitz continuous and bounded 
function. By the approximation procedure in the proof of Proposition 3.2, we can 
apply the function Qn into the inequality (1.10). Thus, 



(4.51) 



gn{x) fiv{dx] 



First, it holds for each > 1 that 



[9n[X) gn[y)) ^^_s\y-x\ ^ / If , ^ )_^^S\y-x\ 



\y-x\''+'^ J{\x-y\^N} \y-x\d+» 

J{\x~y\>N} \y - X\''+^ 

= : Ji,Ar(x) + J2,7v(x). 

By the mean value theorem and the facts that for any x, y G R'^, n 1, 

\\x\ A n — \y\ A n\ ^ \x — y\, 

and 

-e-^^'kz < 00, 



\z 



\d+a-2 
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we know that for any x G R'^, 

J{\x-y\^N} \y - a;r+" 

.2[A(|x|An)+AAr] 



^^g2A7V g2A(|x|An) 



\x\ 


An- 


\y\ 


\y\ 


An ^ 


\x\ 



^ cie 
= c\e^ 

holds for some constant Ci > independent of n, A and A^. On the other hand, since 
it holds that 

Hence, choosing A G (0, 5/4), we obtain that for any x G R'^ 

^ U2\{\x\Nn) I g2A(|y|An)N 

J{\x~y\>N} F y\ 

f (p2\{\x\hn) , 2\{\x\hn) 2\\x~y\\ 

^ 2 / ^ ' „^ ' U~'\y~^\ dy 

j{\x~y\>N} k - 2/r+" 

/• 1 _L p2A|2| 

J{\z\>N} \Z\ 

^ 2k{N) e^^d"!^"), 
^{Ui>m fI 



where 



Therefore, 



— x| J 
Second, for any ^ 1 and A > 0, set 

Then, combining all the estimates above with (4.51), for each A G (0,5/4), 
/n(A) ^ C2(ciAe=^^^ + 2A;(iV))/„,(A) + ll{\/2). 
Furthermore, using the Cauchy-Schwarz inequality, for any i? > 1, we have 

(4.52) /^(A/2) ^ (e^^+ / e'^^\^\''^^ ^^v{dx))^ ^ 26^"^ + 2p(i?) /„(A), 

^ J{\x\>R} ^ 

where p{R) := /iy(|x| > R). Therefore, for each N, R> and A G (0,5/4), 

(4.53) /„(A) ^ (C2(ciAe2^^ + 2kiN)) + 2p(i?))/„(A) + 26^^^, 

Now, we fix Rq and A^^q > large enough such that p{Ro) < 1/8 and C2/c(iVo) < 
1/8, and then take Aq G (0,5/4) small enough such that CsCiAoe^^"^" < 1/4. Then, 
by (4.53), we arrive at 

/„(Ao) ^8e2^°^°. 

Letting n — )■ oo, we obtain the desired assertion. □ 
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4.3. Weighted Poincare Inequalities for Day. In the subsection, we wiU present 
the proofs of Theorem 1.4, Propositions 1.6 and 1.7 . 

Proof of Theorem 1.4- (a) Choose p(r) = ■r~('^"'"°) with a E (0, 2) in Theorem 4.1. It 
is easy to see that (4.45), (4.47) and (4.48) hold. On the other hand, under (1.11), 
we know that for large enough, 

e-^(^) ^ sup e-^(^) < |a;|-^-°+°o, 
and so there is a constant C2 > such that for all x G R'^ with \x\ ^ 1, 

Therefore, since G (0,a/2), 

J{\x\^l} J{\x\^l} 

That is, (4.46) also holds. The first required assertion follows from all the conclusions 
above. 

(b) Now, we will verify the second assertion. Suppose that the inequality (1.12) 
holds with the weighted function u*{x). Then, for all / G C^(R"'), 



(4.54) J {fix)-fivif)) uj*ix)fividx) ^ C^D^yifJ). 

For any n ^ 1, choose a smooth function /„: R'^ — [0, 1] such that 



0, |x| ^ ri] 

1, |x| > 2n 



and |V/,i(x)| ^2n ^ for all x G R'^. Therefore, for all x G R' 



d 



€ — 



y-x\ 

AC 1 . /■ 1 



^ J {\y~x\i^n} \y x\'^'^°^ ^ \y X\ 

and 

DayifnJn) = /iy(r(/„)) ^ Cin"°, 
where Ci is a constant independent of n. 

Then, there exists a constant C2 > independent of n, such that for any n large 
enough, 

{fn{x) - flv{fn)Y flv{dx) 

^(,inf ^^v~r) / (/n(a;) -//y(/„))^a;(x)/iy(cix) 



(4.55) 



^ inf ^^1- / fJ'vidx)] / a;(x)/ii/(cix) 

\ FlS'2n Wl^Xj y V J{\x\^n} J J {\x\^2n} 

^C2 inf — ^^ 

\ \x\^2n UI[X) 
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where in the second inequahty we have used the fact that 



0^1- 



{l^l^n} 



Thus, applying /„ into (4.54), we get that there exists some constant C3 > inde- 
pendent of n, such that for n large enough, 

inf ^4^V-"^C3n-. 



Since 



\x\^2n Ul{x) 



limmi — -— = 00, 



there is a contradiction, and hence the conclusion is proved. □ 

Proof of Proposition 1.6. We first claim that if the inequality (1.13) holds, then 
/iy(a;) < 00. In fact, choose a function g G C^(R'^) such that g{x) = for every 
^ 1 and fJ^vid) = 1- Then, applying this test function g into (1.13), we have 

/ uj{x) fiv{dx) ^ / {g{x) - fiv(,g)Y^(,x) fiv{dx) 

J{\x\^l} J 

^ CoDc,y{g,g) 
< 00, 

thanks to the fact that g G C^{R'^) C ^{D^y). Since the weighted function u is 
continuous, it is bounded on {x G R"' : |a;| ^ 1}, and hence J^^^^^iy u}{x) fiv{dx) < 00. 
Combining both estimates above, we prove the desired claim. 
For any t > 1 and / G C^{R'^), by (1.13), we have 

f'^{x) fiv{dx) ^ . f . I f^{x)u{x) fiv{dx) 
{|x-|>t} inf uj{x) J 

\x\'^t 



inf uj{x) 

\x\^t 

2 



inf uj(x) 

\x\^t 



{fix) - /iy(/))^w(x) ^v{dx) 

Aiy(/)^(^) l^v{dx) 



. CoDo,y{f,f) + ^iv{co)flU\f\))^ 

ml uj{x) \ J 



\x\^t 

where in the second inequality we have used the fact that for any a, 6 G R,, 

^ 2(a - hf + 26^. 

Since lim|^.|^oo 1^(2^) = cxo, we can obtain that there exists a constant Ci > such 
that for any t > 1, 

/ f\x) fividx) ^ . , ° , D^y{f, f) + ci/iy(|/|)l 
Jilxm mf^c.(x) 
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On the other hand, according to [13, Lemma 3.1], for any t > 1, the following 
local super Poincare inequality 

^^^^^^^ Mdx) ^ sD^yif, /) + "'^^ff^X^" (1 + s-'/-)M\f\r, s > 

holds with some constant C2 > independent of t. 

Combining both estimates above, we get that there is a constant C3 > such that 
for each t > 1 and / G C^{R'^), 

Vmf|,|^ta;(x) J 

This, along with the assumption that lim|2;|-i>oo i^(a^) = 00, yields the first required 
assertion. 

For any < r < 4Co( inf uj(x)) , we can choose t > 1 large enough such that 

2Co(inf|^,| ^(Cij(x)) ^ r/2, e.g. t = k^ACq/t). Then, the second desired assertion 
follows by taking s = r/2 and t = K{ACo/r) in the definition of rate function 
/3(r). □ 

Proof of Proposition 1.7. Since u is positive and continuous on R'^, for any r > 0, 
inf|^l<;j. > 0. For any x G R'^, set uj*{x) = inf Then, u*{x) ^ uj{x) 

for all X G R'^, and so it suffices to prove (1.16) holds for such weighted function u*. 

It is easy to check that, under (1.15) the function V satisfies all the conditions in 
Theorem 1.4. Therefore, the inequality (1.12) holds. If lim|2-|^oo i^*(2;) > 0, then we 
can choose a constant Cq > such that u!*{x) ^ Cq for all x G R''. Hence, (1.12) 
implies that (1.16) holds for such weighted function u*. 

In the following, we assume that u* is a positive function on R*^ such that 

(4.57) lim u*{x) = 0. 



For any r > 1, which will be determined later, define a function uj*{x) as follows 

1, if \x\ ^ r, 
u}*{x), if |x| > r. 



uj^ix) :-- 



Clearly, there is a constant Ci := Ci(r) > such that u}*{x) ^ CiUJ*{x) for each 
X G R*^. Therefore, it is sufficient to prove (1.16) holds for weighted function u* 
with some r > 0. 

Let V*{x) := V{x) — logCi;*(x) (we omit the index r in V* for simplicity). By 
(1.15) and (4.57), we can check that the function V* satisfies all the conditions in 
Theorem 1.4. Thus, there exists a constant C2 := C2(r) > such that the following 
weighted Poincare inequality 

(4-58) / im-f^v*if)) \,^l^y,^ dx^c, jj ^f^^-^pj dy^.y.{dx) 
holds for all / G C^iW^), where 

^y.{dx) = — , , e-^*(") dx =: Cy*e-^*(") dx. 
J e ^ [x) dx 
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Since r > 1 and w*.{x) = 1 for all |x| ^ 1, 

1 1 



(4.59) 



Ci < oo, 



where Ci > is a constant independent of r. According to (4.57), we can fix r 
large enough such that sup^gj^d |a;*(x)| ^ 1. Hence, there exists a constant C2 > 
independent of r, such that for every / G C^(M!^) with J fdfiy = 0, 



f{x)nv'{dx] 



Cv* / /(x)e-^(") + Cy. / f{x)LO*{x)e-^^''Ux 

J {\x\^r} ^{|x-|>r} 

Cv* I f{x)e-^^^Ux + Cv* [ /(x)w*(x)e-^(")(ix)' 
/(x)e-^(") dx^ +( [ /(x)a;*(x)e-^(") dx' ' 



(4.60) 



{|x|>r-} ^ ^ ^{|x|>r} 

Hv{\x\ > r) f{x)fiv{dx) 



u*\x)Mdx))[[ f{x)fividx)) 



{\x\>r} 

^2C2M\x\>r) J f{x)fiv{dx), 
where the second equality follows from 

/(x)e-^(^)rfx= [ f{x)e-^^''Ux, 

{\x\^r} J{\x\>r} 

thanks to J f dfiy = 0; in the first inequality we have used (4.59); in the second 
inequality we applied the Cauchy-Schwarz inequality; and the last inequality follows 
from the fact that sup2,g]ij^d |ci;*(a;)| ^ 1. 

From now on, all the constants Ci are independent of r. For each / G C^(R"') 
with J fdfiv = 0, 

f (^) M , l^l^H^r. (dx) 



(1 + N) 



^C,J (/(a:) 



fdfi 



V* 



(1 + |x|)'^+' 



■ dx 



fdf^v*] , ^d+a dx + Ci(^ J f{x) nv'idx)^ 



fdfiv* 
fdfiv* 



(1 

2 1 



(1 + |x|)'^+" 

2 1 



(1 + N) 



d+a 



+ C6/iy(|x| > r) / f{x) 



.Vix) 



(1 + N) 



d+a 



dx + C5fiv{\x\ > r) I f{x)^v{dx) 
dx 

IJiy{dx) 
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where in the third inequahty we have used (4.60), and the last inequahty follows 
from (1.15). 

Choose r large enough such that CQfiv{\x\ > r) < 1/2. Then, for each / G C^(R"') 
with J fd^v = 0, 

J ^^^'' \l + \x\Y+- Mdx)^2C^ J [fix)- J fdfxv) 
This, along with (4.58), yields that for each / G C^{R'^) with / fdfiy = 0, 

e^(^) f f (f(y) - f{x)Y 
, I ^^H^^ f^vidx) <C3 / uj;{x) / — ——dyfividx) 



This proves the desired assertion. □ 

5. Weighted Poincare Inequalities for Non-local Dirichlet Forms 
Associated with Symmetric Markov Processes under Girsanov 
Transform of Pure Jump Type 

5.1. Weighted Poincare Inequalities for Dirichlet Forms D^y. In this sec- 
tion, we aim to state that the technique to yield Theorem 4.1 also gives us the 
criterion for weighted Poincare inequalities of the Dirichlet form given in Example 
2.3. In the following, let V be a locally bounded function on R'^ such that J e~^^^^ dx 
< oo and is bounded. Let 

(5.61) ^^^vidx):=j^=^^e-'''^^Ux 

be a probability measure. Given a measurable function if){r) : — )■ R+ satisfying 
(2.29), we define for each f,ge C^iR'^), 

D^yU.g):=\ II (/(y)-/(x))((7(y)-(7(x))^(|x-i/|)e-^(^)rfye-^(^)dx. 

Theorem 5.1. Assume that tp : R+ — )■ R+ is a continuous function such that 

r'^~^ijj(r)~^ dr < oo, 

J{\x\^i} 7(f|) 

where for r > 0, 

7(r) := ini ij{s). 

0<s^r+l 

// there is some constant < ao < 1 such that 

r'^+"»~V(^) dr < oo, 



and 

Q-3V{x) 



and 

limsup ,, ,,, , ^, 

then there exists a constant Ci > such that the following weighted Poincare in- 
equality 

" (/(x) -/i2y(/))'e^(^)7(k|)/X2y(c?x) ^ C,D^y{fJ) 
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holds for all f e C^(R'^). 

The proof of Theorem 5.1 is similar to that of Theorem 4.1. It is based on the 
expression for the generator of the associated truncated Dirichlet form in Example 
2.7, which enables us to take the same Lyapunov function as that in the Lemma 4.3. 
We omit the details here. 

5.2. The Case that: i/j{r) = e~^W~^'^+°''^ with 5 > and < a < 2. Taking 
^[r) = e-'5v-(^+") with 5 > and < a < 2 in Theorem 5.1, we have the following 
statement. 

Corollary 5.2. Suppose that for some constants 6 > 0, a & (0)2) and € (0, 1), 
limsup ( sup e-^(^Me'^l^'l|x|''^°"°" =0- 

Then, there exists a constant Cq > such that the following weighted Poincare 
inequality 

2 qV{x)-5\x\ 



(5.62) 



\y-x 



holds for all f e C^~(R'^). 

According to Corollary 5.2, we know that if 

e^(^) 

liminf — -7- — ttt > 0, 

then (5.62) holds, which implies the standard Poincare inequality, see (5.63) be- 
low. On the other hand, we can prove the following statement, which indicates the 
concentration of measure for such Poincare inequality. Roughly speaking, in this 
setting, under some regular assumptions on V , the exponential integrability of the 
distance function is also necessary for this inequality. 

Proposition 5.3. Let 5 > and a G (0,2), and let fi2v be a probability measure 
defined by (5.61) such that V G C^{M!^) and sup^g^d |Vy(x)| < 6. If there is a 
constant Ci > such that the following inequality 

/ {fix) - fi2vif)Y fJ'2v{dx) 
(5-63) ,,^,,2 



holds for all f G C^(R^), then there exists a constant Aq > such that 



j e^°\''\^2v{dx) < 00. 



Proof. For any n ^ 1, define gn{x) := g-^d^l^")^ where A > is a constant to be 
determined later. As the same reason as that in the proof of Proposition 1.3, we 
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can apply Qn into (5.63), and get that 



(5.64) 



In the following, for A > 0, set 

/n(A) := J e2^(l^l^"V2y(cia;) = / g^x) i^2v{dx). 
For each > 1 and all x G R*^, 

{9nix)-gniy))\ .S\y-.\^-V(y) 



\y - x\ 



gA(|x|An) _ gA(|i/|An)-j2 

-e - 

^-5\v~x\^-V{y) 



,gA(|a;|An) _ ^\{\y\hn)\2 



^n)y 



<{\x-y\>N} \y-x\'^+<^ 

= : Ji,n{x) + J2,n{x). 

From now on, the constant C will be changed in different lines, but does not depend 
on n, N, A or R. Let b := sup^gj^d |Vl^(x)|. As in the proof of Proposition 1.3, by 
the mean value theorem, 

J{\x-y\^N} \y ~ X\ 

^ ^^^2\{\x\hn)+2\N ^-V(x)+bN f IV - ^_s\y-x\^y 

J{\x--y\^N} \y ~ X\'^~^°' 
^ Q^^2\(\x\An)+2XN ^-V{x)+bN 

= (7_\e2AAf+6Afg2A{|a;|An)-V{x) 

where in the second inequality we have used the fact that 
-V{y) = -V{x) + {V{x) - V{y)) ^ -V{x) + \V{x) - V{y)\ ^ -V{x) + b\x - y\. 
Hence, 

' Ji,iv(a^)e-^(") dx ^ CAe2^^+''^ J e^^^^'^") fi2v{dx) = CAe2^^+^^/„(A). 
On the other hand, by symmetric property, 
J2,iv(a;)e-^(") dx 

r r o2M\x\/\n) I „2A(|v|An) 

(5.65) < 2 // , \ ' e-^i-»le-'-<»' ^iye-M 

J J {\x~y\>N} 1-^ y\ 

rr „2A(|x|An) 

JJ{\x-y\>N} 
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Since -V{y) ^ -V{x) + \V{x) - V{y)\ ^ -V{x) + b\x - y\, it holds that 



(5|x— j/l r „~S\x~y\ 



{\x-y\>N} F y\ J{\x~y\>N} F ~ V 

where 

g-(<5-b)|2| 



MA^) := / ^ll^dz ^ kil) < oo, 

J{\x-y\>N} Fl 

also thanks to the fact that b < 6. Combining this with (5.65), we find 



According to all the estimates above and (5.64), we have 

/„(A) ^ C(Ae2^™ + k{N))L{X) + ll{\/2). 

As the same way in the proof of (4.52), for any i? > 1, it holds that 

/^(A/2)^2e2^^ + 2p(i?)/n(A), 

where p{R) := /i2y(|a^| > R)- Then, 

/„(A) ^ C(Ae2^^+^^ + k{N) +p{R))ln{\) + 26^^^. 

Now, we first fix Rq and A'^q > large enough such that Cp{Ro) < 1/4 and 
Ck{No) < 1/4, then choose a constant Aq > such that CAoC^^o^o+^^o < 1/4. We 
can finally get that 

Letting n tends to oo, we can prove the conclusion. □ 

Remark 5.4. Let 5 > be the constant in the Poincare inequality (5.63). For any 
e > d, let ^2e{dx) = (^^(l + \x\)~'^'^ dx be a probability measure. We will claim that 
the Poincare inequality (5.63) does not hold for fi2e with any e > d. Indeed, for any 
/ ^ 1 and e > d, define a probability measure 

^ii,2e{dx) = Ci^eil + \x\^Y'dx =: Ci,,e-2^'-(^) dx. 

We can choose Iq large enough such that sup^gj^d |VV;g^e(x)| < 6. Thus, according 
to Proposition 5.3, the Poincare inequality (5.63) does not hold for ^ig^2e- Then, the 
desired claim follows from that fact that there is a constant C := C{lo) > 1 such 
that 

Similarly, we also can show that the Poincare inequality (5.63) does not hold for 
fi2i3idx) = C^e-^i+l^l") dx with any < /3 < 1. 
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5.3. The Case that: ipi^r) = r-('^+") with < a < 2. Letting ij{r) = r-('^+") with 
< a < 2 in Theorem 5.1, we have the following statement. 

Corollary 5.5. If for some constants a G (0,2) and € (0, a A 1), 

0, 



lim sup 



sup e 

\z\^\x\ 



-V{z) \ t^td+a-ao 



then there exists a constant Co > such that the following weighted Poincare in- 
equality 

2 e^(^) 

(/(a^)-/i2y(/)) + /^2y(^^) 

(/(l/)-ffl)^ ^_V(,) _V^(.)^^ 



(5.66) 



\y-x 



d+a 



holds for all f e C^{W) 



To show that the inequality (5.66) is optimal, we consider the following result. 
First, for each e > 0, let 



:i + \x 



and 



(dx) := C,e-2^^(")(ix 



2\d+e 



a 



[1+ X 



2\d+e 



dx. 



where is the normalizing constant. 

Proposition 5.6. The following Poincare inequality 

(/(x) - fi2vAf)Y f^2vAdx) 

{f{y)-f{x))\^y^ 



(5.67) 



\y-x 



\d+c 



e^^^(^) dy e-^^(^) dx for all f G C^°°(E^) 



holds some constant Ci > if and only if 

e ^ a. 

Moreover, for the constant /3 G R and the probability measure fi2Ve with e ^ a, the 
following weighted Poincare inequality 



(5.68) 



{f{y)-f{x))\_y^ 



\y - 



iy) 



dy e-^^(^) dx for all f G C^iB.'^ 



holds for some constant C2 > if and only if 

(3 ^ e — a. 

Proof, (a) According to Corollary 5.5, if e ^ a, then the inequality (5.67) holds for 
fi2Ve- Next, it suffices to verify that (5.67) does not hold for fi2Ve with e < a. For 
any n > 1, choose a smooth function /„ : R'^ — j- [0, 1] such that 



fn{x) 



0, 
1, 



if |x| ^ 3n] 
if |a;| > 4n, 
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and supj.g]i^d |V/(a;)| ^ 2/n. Suppose (5.67) holds for some probability measure /i2\4 
with e < a. Then, 



fn{x) - / fn{x) IJ^2vAdx)) IJ^2V,{dx) 



(5.69) 

In the following, set 

r(/n)(x) := 



(/n(y) - /n(x))^_v; 



\d+a 



(y) 



\y-x 



dy. 



\y - x\'^+" 

The constant C > will be changed in different line, but does not depend on n. 
When |x| ^ 2n, \fn{x) — fn{y) \ oiily if \x — y\ > n and \y\ > 3n. Then, 



r(/„)(x) 



h\^-y\>n,\y\>M \y-x\^+-{l + \y\Y+- 
For 2n < \x\ ^ 5n, it holds that {y : \x — y\ ^ n} C {y : \y\ ^ n}, and so 

f U'n{y) - fn{x)f ^.v^(y) 

' {\x-y\^n,\y\^n} \y ~ X 



TUn){x)^C 



\d+a 



^ c 



+ 



+ 



{\x-y\>n} 



ifniy) ~ fn{x))\.y^ 



\y-x\ 



dy 
dy 



\x - 



-Ve{y) 



(\x-y\iin,\y\'^n} IZ/ X 
1 



-Ve{y) 



{\x-y\>n} 



\y-x 



d+a 



dy 



< C 



d+2+£ 



n' 



{\x-y\^n} 



\x - 

\y - x\ 



d+a 



dy 



d+a 



n' 



-Veiv) 



dy 



C 



n 



d+a 



If |x| > 5n, then \ fn{x) — fn{y) \ 7^ only for |x — ?/| > n, and hence 



r{fn){x)^c 



-Veiv) 



\d+a 



' {\x—y\>n} \y x\ 

Combining all the estimates above, we get 



dy^ 



C 



n 



d+c 



-Ve{y) 



dy^ 



C 



n' 



d+a ' 



r(/„)(x)e-^^(^)dx 



{|xK2n.} 



r(/n)(x)e-^^(^')rfx 



+ 



{2n<\x\^5n} 



r(/0(x)e-^^(^)dx+ / r(/0(x)e-^^(^)da; 



C 



d+a+e 



n' 



e-^^(") dx 



C 



n"^^"" J{\x\>2n} 



{|x|>5n} 

e-^^(") dx 



n' 



C 

d+a+£ ' 
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On the other hand, for n large enough, following the proof of (4.55), we have 

fn{x)- / fn{x) IJ,2vAdx) ] IJ^2vAdx) 



\ Ji\xmn} J Ji\x\^4n} 



C 



j^d+2e ' 



Therefore, according to (5.69), it holds for n large enough that 



1 C 



Since e < a, there is a contradiction, and hence (5.67) does not hold for ^2V,e with 
e < a. We have proved the first conclusion. 

(b) For e ^ a, by Corollary 5.5, we can check that (5.68) holds with (5 ^ e — a. 
On the other hand, one can follow the argument above to verify that (5.68) does 
not hold with [i > e — a. This finished the proof. □ 

To compare the Dirichlet forms given in Examples 2.3 and 2.4, we will show that 
the corresponding Poincare inequality for the Dirichlet form given in Example 2.4 
does not hold for a large class of probability measures. 

Proposition 5.7. Letip : R+ — R+ be a positive function satisfying (2.29). Let fiy 

be a probability measure defined by (1.6) such that V is a locally bounded function, 
E L^{dx), e"^ is bounded and\m\\x\^^e~^^^^ = 0. If there is a constant Ci > 
such that the following Poincare inequality 



(5.70) 



(/(x) -/iv(/)) f^vidx) 

^C,jj ifiy) - f{x))'^|J{\x - y\) Mdy) Mdx) 
holds for all f E C^(R'^), then for any A > 0, 

3^''''yUy(c?x) < OO. 



Furthermore, for any r > 0, set q{r) := sup||^,|>^|e Then, there exist C2, 

C3 > such that 

(5.71) / , ,. fividx) < 00. 



AC2\X\ 

Remark 5.8. (1) According to (5.71), the probability measures 

IJeidx) = Ce{l + Ixiy^-'dx 

for any £ > or 

^ipidx) = C/je-^^+l'l") dx 

for any /3 > do not satisfy the Poincare inequality (5.70). 

(2) As seen above, the conclusions about the concentration of measure for func- 
tional inequalities of Dirichlet forms given in Examples 2.2 and 2.3 highly depend 
on the function p or ip in these Dirichlet forms. However, here for the Dirichlet form 
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given in Example 2.4, the property of the concentration of measure for Poincare 
inequahty is independent of ip. 

Proof of Proposition 5. 7. Similar to the proof above, the constant C will be changed 
in different lines, but does not depend on n, A, M, or R. For each A > and 
n ^ 1, set 

gn{x) := e^d^l^"). 

Suppose that the inequality (5.70) holds. Then, we may and do apply gn into (5.70) 
to get that 



(5.72) 



gnix)l^v{dx) ^Ci 1 1 (gniy) - gnix)) ij{\x - y\) fividy) fividx) 

2 



+ (y gn{x)fiv{dx)^ 
For any 1 and A > 0, set 

/„(A) := ! e2^(l^l^")/xy(da;) = / gl{x) ^iv{dx) 



For each > 1, we have 



For r > 0, set 



^ / {gn{x)-gM?^i\x-y\)e-''^'Uy 

J{\x-y\i^N} 

+ / {gn{x) - gr.{y)f^{\x - y\)e-''^yUy 

J {\x-y\>N} 
= ■ Ji,n{x) + J2,n{x). 



a{r) := / |2;p?/^(|z|) dz 

J{\z\<:r} 



which is well defined due to (2.29). 

First, by using the mean value theorem, we have 

Ji,7v(x) ^ Ae^^^e^^C^^'^") / |a; - 2/| V(k - yDe-^'^'^Uy 

J{\x-y\<:N} 

^ Aa(A^)e2^^e2^(l"l^"), 
where we have used the fact that e"^ is bounded. For any r > 0, define 

g(r) := sup e"^^^\ 

x-eR'':|a;|>r 
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Then, for M > N large enough, 
Ji,n{x) fividx) 



{\x\siM} J{\x\>M} 
J{\x\^M} 



V / ru. »,i ^ w u,i i\,f _ Ar\ / 



+ Ae2^^ / e 

.J{\x\>M} ^ J{\x-y\^N,\y\>M-N} 

where in the first inequahty we have used the fact that if |x| > M and M > N large 
enough, then 

{y: \x -y\ N} C {y : \x -y\ N, \y\ > M - N}. 

On the other hand, by the symmetric property and also the fact that is 
bounded, 

J2,7V(X) fividx) ^2 n (e^MI-lAn) ^ e2A(|,|An)^^^|^ _ ^^(^^^ ^^^^^^ 

J J {\x-y\>N} 

^ 4 /"/ e2^(l^l^")v^(|x - y\) fividy) fiv{dx) 

J J{\x~y\>N} 
^ Ck{N)ln{X), 

where 

k{N) := [ ^(1^1)^2. 

J{\x\>N} 

Combining all the estimates above with (5.72), 
ln{X) ^ C{Xe^^''a{N)q{M - N) + A;(iV))/„(A) + ll{X/2) + CXe^^'-^'+^^aiN). 
By (4.52), we get for each _R > 1, 

/„(A) ^ C(Ae2^^a(iV)g(M - N) + kiN) +p(i?))/„(A) + C{Xe^^^^'^''^aiN) + e^^^), 

where p{R) := /iy(|a;| > R). 

Next, we first choose the constants Rq and A'^o > large enough such that 

C{k{No)+p{Ro))<l/2. 

Since limj,^oo ?('") = 0, for all A > 0, we can take Mq := Mq{X) > large enough 
such that 

CXe^^^'a{No)q{Mo - No) ^ 1/4, 

e.g. 



Mo = A^o + 



g-2AAfo 



.4C(A V l)a(A^o) 
where 

(5.73) Q~^{r) '■= inf{s : q{s) ^ r}, 

and we use the convention that q~^{r) := if r > q{0). Then, we have 

/„(A) ^ C(Ae2^(^^«+^")a(iVo) + e^^^"). 
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Letting n — )■ oo, we get J e^^^^Hvidx) < oo for every A > 0. This proves the first 
required assertion. 

Actually, according to the arguments above, there are constants Ci, C2 > such 
that 

(5.74) J e^l^l f^vidx) < cie^^ (a+a.-(c^--^)) . 

Now, we will follow the proof of [12, Theorem 3.3.21]. Define 

w{X) := e-{^i+i)^--i^«-He-^2^) 

and 

/+00 
e"V(A) dX. 

Then, by Fubini theorem and (5.74), we have 

/p+co p 
h{\x\) ^iv{dx) = J J e^^""^ fiv{dx)w{X)dX < 00. 

For a fixed < £ < 1 and for r large enough, define 

Ao(r) := -— log[gf- 

Thus, 



'(f) 



According to the definition (5.73) of q~^, for r large enough 

Cig-^(e-^2^°('^)) ^ er. 
Hence, for any A ^ Ao(r) and r large enough, 

ti;(A)^e"[(^+^^)+^'^]\ 
and so, there exist some constants C3, C4 > such that for r large enough. 



exp|[(l-e)r-(l + ci)]A|rfA 



C4rXo{r) 



f c^r r /£r\l^ 
C3exp| - — log[^(^— jj / 



Combining this with (5.75), we have finished the proof of the second assertion. □ 



Acknowledgements. Financial support through the project "Probabilistic ap- 
proach to finite and infinite dimensional dynamical systems" funded by the Por- 
tuguese Science Foundation (FCT) (No. PTDC/MAT/104173/2008) (for Xin Chen), 
and National Natural Science Foundation of China (No. 11126350) and the Pro- 
gramme of Excellent Young Talents in Universities of Fujian (No. JA10058 and 
JA11051) (for Jian Wang) are gratefully acknowledged. 



42 



XIN CHEN JIAN WANG 



References 

[1] Bakry, D.. Cattiaux, P. and Guillin. A.: Rate of convergence for ergodic continuous Markov 
processes: Lyapunov versus Poincare, J. Fund. Anal. 254 (2008), 727-759. 

[2] Bobkov. S.G. and Ledoux, M.: Weighted Poincare-type inequalities for Cauchy and other 
convex measures, Ann. Probab. 37 (2009), 403-427. 

[3] Cattiaux. P., GuiUin, A.. Wang, F.-Y. and Wu, L.: Lyapunov conditions for Super Poincare 
inequahies, J. Fund. Anal. 256 (2009), 1821-1841. 

[4] Cattiaux, P., GuiUin, A. and Wu, L.: Some remarks on weighted Logarithmic Sobolev in- 
equality, to appear in Indiana Univ. Math. J. 2010, also see arXiv: 1005.3908 

[5] Chen, M.-F.: Eigenvalues, Inequalities, and Ergodic Theory, Springer, Berlin 2005. 

[6] Chen, Z.-Q. and Zhang, T.-S: Girsanov and Feynman-Kac type transformations for symmetric 
Markov processes, Ann. Inst. Henri Poincare 38 (2002), 475-505. 

[7] Fukushima, M., Oshima, Y. and Takeda, M.: Dirichlet Forms and Symmetric Markov Pro- 
cesses, Stud. Math. 19, de Gruyter, Berlin 2011, 2nd. 

[8] Mouhot, C; Russ, E. and Sire, Y.: Fractional Poincare inequalities for general measures, J. 
Math. Pures Appl. 95 (2011), 72-84. 

[9] Rockner, M. and Wang, F.-Y.: Harnack and functional inequalities for generalized Mehler 
semigroups, J. Funct. Anal. 203 (2003), 237-261. 
[10] Song, R.: Estimates on the transition densities of Girsanov transforms of symmetric stable 

processes, J. Theor. Probab. 19 (2006), 487-507. 
[11] Wang, F.-Y.: From super-Poincare to weighted log-Sobolev and entropy-cost inequalities, J. 

Math. Pures Appl. 90 (2008), 270-285. 
[12] Wang, F.-Y.: Functional Inequalities, Markov Processes and Spectral Theory, Science Press, 
Beijing 2005. 

[13] Wang, F.-Y. and Wang, J.: Functional inequalities for stable-like Dirichlet forms, Preprint, 

2012, also see arXiv:1205.4508 
[14[ Wang, J.: Criteria for ergodicity of Levy type operators in dimension one, Stoch. Proc. Appl. 

118 (2008), 1909-1928. 
[15[ Wang, J.: Symmetric Levy type operator. Acta Math. Sin. Eng. Ser. 25 (2009), 39-46. 
[16[ Wang, J.: Lyapunov drift conditions for general symmetric jump processes. Acta Math. Sci- 

entia A. (m Chinese) 31 (2011), 785-795. 



